Abstract: Neukirch developed abstract class field theory in his famous book "Class Field Theory". We show that it is possible to derive Jaulent's ℓ-adic class field from Neukirch's framework. The proof requires in both cases (local case and global case) to define suitable degree maps, G-modules, valuations and to prove the class field axiom.
Theorem For all cyclic ℓ-extension L P of a local field K p we have
We then treat the global case, our main result is:
Theorem Let L/K be a cyclic ℓ-extension of algebraic number fields then we have:
The proof requires first to compute the Herbrand quotient of the idele class ℓ-group (theorem 3.2.1). We again define G, the G-module, deg : G → Z ℓ and the valuation in & 3.3 to 3.5.
Preliminary

Notations
In the following ℓ is a fixxed rational prime number. Let's introduce the notations:
For a local field K p with maximal ideal p and uniformizer π p , we let
: the ℓ-adification of the multiplicative group of a local field For a number field K we define R K = Z ℓ ⊗ Z K × : the ℓ-adic group of principal ideles J K = res p∈P lK R Kp : the ℓ-adic idele group U K = p∈P lK U Kp : the subgroup of units C K = J K /R K : the ℓ-adic idele class group
The Z ℓ -cohomology
We use the following cohomology for Z ℓ -modules. Definition 1. Let F n −→ · · · −→ F 0 −→ Z ℓ −→ 0 be a projective resolution of Z ℓ [G]-modules, where G is a ℓ-group. Applying the functor Hom G (., Z ℓ ⊗ A) we obtain:
We denote H ii)Since Z ℓ is a flat module, we obtain:
Applying now the functor Hom G (., Z ℓ ⊗ A) we get:
The F i are free Z[G]-modules, using the additivity of the functor Hom G (., A) it suffices to check the property on
iv) We now show that: Kerδ
we have, since Z ℓ is flat, the exact sequence:
Usually we also have Im(u) ⊂ N and
Corollary 1. Let G be a finite cyclic ℓ-group, and A a G-module then the Herbrand quotient
ii) if we have an exact sequence of G-modules:
2 Local ℓ-adic class field theory
Framework
The fundamental local ℓ-adic theorem is:
Theorem 2.1.1. [Ja1, theorem 2.1] Given a local field K p /Q p , the reciprocity map induces an isomorphism of topological Z ℓ -modules between R Kp = lim
of the maximal and abelian pro-ℓ-extension of K p . Trough this isomorphism, the image of the inertia sub-group I p is the sub-group of units U Kp of R Kp . The reciprocity map induces a one to one correspondence between closed sub-modules of R Kp and abelian ℓ-extensions of K p : in this correspondence, finite abelian ℓ-extensions are associated to closed sub-modules of finite index of R Kp ; it means to open sub-modules of R Kp .
Our purpose is to prove the existence of the local reciprocity map using Neukirch's abstract class field theory, which we now briefly recall [Ne1, . We consider the following general framework: G is an abstract profinite group, whose closed subgroups are denoted by G K , those indices K are called "fields". G is equipped with a continuous and surjective homomorphism deg : G −→ Z.
1. We denote by k the field such that G k = G.
2. We denote byk the field such that Gk = {1}.
We write
8. The kernel of deg is a subgroup of G denoted by Gk = I such that G/Gk ≃ Z. We can restrict deg to G K and define:
If L/K is an extension we put:
They satisfy the following relations:
Neukirch's theory requires a G-module and a henselian valuation with respect to deg [Ne2, p. 288]: a multiplicative G-module A is an abelian multiplicative group endowed with a continuous right action
GK and where K runs through all finite extensions of k.
This allows to define a new map, the norm map, which goes to the G-module A K in A k :
A henselian valuation of A k with respect to deg : G → Z is a homomorphism satisfying the following properties:s [Ne2, p. 288]
Finally we introduce the class field axiom:
Axiom: For all cyclic extension L/K, we have:
In this context Neukirch proves the following fundamental theorem: [Ne1, p. 28]
(which is the Frobenius lift of σ) and Σ i be the fixed field ofσ, then the homomorphism
is an isomorphism, where π Σ is a prime element of A Σ .
We now define all necessary ingredients to obtain the main theorem of ℓ-adic class field theory: theorem 2.5.1.
G and the G-module
We consider the following context:
. k is a local field, (we use this notation instead of k p ).
. k nr is the maximal unramified pro-ℓ-extension of k: the compositum of all unramified ℓ-extensions.
. k is the maximal pro-ℓ-extension of k: the compositum of ℓ-extensions of k.
We write
We consider the following Z-module:
where L P runs through all finite extensions of K p , and
The group G now axts on A acts component by component.
deg
Definition 2. Let φ ∈ G, its restriction to k nr defines an element of Z ℓ , due to the isomorphism Gal( k/k) ≃ Z ℓ . We define:
deg is a surjective homomorphism whose kernel is G k nr so that:
Definition 3. Given a finite ℓ-extension K of k ,we define:
Proposition 2.3.1. We have the following fundamental relations:
The valuation
In ℓ-adic class field theory, the degree is a homomorphism from G to Z ℓ , and the valuation v is a homomorphism from A k to Z ℓ . In this part, we denote by K p a local field.
For a finite extension L P , we defined
P if P ∤ ℓ This allows to define the valuation v P as giving the power in Z ℓ of the uniformising element.
Proposition 2.4.1. This valuation v P is henselian with respect to deg :
Proof. The valuation associated to R Kp , v p , is a surjective homomorphism; hence v p (R Kp ) = Z ℓ := Z; and indeed Z/n.Z ≃ Z/n.Z for all n > 0.
as an extension of the usual normalized valuation of L P , denoted by w P . In fact, we have the following commutative diagrams:
The valuation w p extends uniquely to L P by:
· w P is the continuation of w p , we get:
So we deduce that:
Yet we have the relation f L P /Kp = f L P /f Kp , and due to the definition of f Kp we have f Kp = (Z ℓ : d(G Kp )) = 1 as the degree is surjective. Finally, we get:
for all finite extension L P /K p of K p , the second point point (ii) is also checked.
The class field axiom
We must show:
Theorem 2.5.1. For all cyclic ℓ-extension L P of a local field K p we have
We consider the following exact sequence:
We recall that a multiplicative abelian group is said ℓ-divisible if each element is a ℓ n -th power for an integer n. Since G is cyclic, we obtain the Herbrand hexagon:
where µ P is the ℓ-Sylow subgroup of the group of roots of units and µ P,div is its ℓ-divisible part.
•
• case 2 : If P | ℓ the group µ 0 P is ℓ-divisible, and as the group of principal units is a noetherian Z ℓ -module, it is isomorphic to the inverse limit of its finite quotients:
P is finite we have h(G, µ 0 P ) = 1; using the same arguments as in case 1, we finally obtain that
iii)Using Herbrand's hexagon, we get
. But due to the local class field axiom, we have:
We now consider the following exact sequence, where Z ℓ is considered as a trivial G-module:
Recall that
Since Z ℓ is a trivial G-module we have:
Consequently it suffices to show that h ℓ (G, U L P ) = 1.
For P ∤ ℓ: as µ P,ℓ is the ℓ-Sylow subgroup of the group of units in L P it is a finite group, so a finite G-module; we use Herbrand's property, we get h(G, U L P ) = 1.
For P | ℓ: we use h(G, U L P ) = 1 [Ne1, p. 40] and the exact sequence:
). In this case we also obtain, h(G, U 1 L P ) = 1.
In both cases, we have
vi) Hence, we have:
As
And since G is cyclic, we obtain H
Corollary 2. (deg, v) is a class field pair, and A K = R Kp satisfies the class field axiom. Thus for all Galois ℓ-extension L P of a finite extension K p of Q p we get an isomorphism:
In particular, we get a one to one correspondence between finite abelian ℓ-extensions of a local field and the closed subgroups of finite index of R Kp .
3 Global ℓ-adic class field theory
Introduction
The fundamental global ℓ-adic class field theory is the following:
Theorem 3.1.1. [Ja1, theorem 2.3] Given a number field K, the reciprocity map induces a continuous isomorphism between the ℓ-group of ideles J K of K and the Galois group G ab K = Gal(K ab /K) of the maximal abelian pro-ℓ-extension of K. The kernel of this morphism is the subgroup R K of principal ideles. In this correspondence, the decomposition subgroup D p of a prime p of K is the image in G ab K of the sub-group R Kp of J K ; and the inertia sub-group I p is the image of the subgroup of units U Kp of R Kp . The reciprocity map leads to a one to one correspondence between closed sub-modules of J K containing R K and abelian ℓ-extensions of K. Each sub-extension of K ab is the fixed field of a unique closed sub-module of J K containing R K . In this correspondence, finite and abelian ℓ-extensions of K are associated to closed sub-modules of finite index of J K containing R K , it means to open sub-modules of J K containing R K .
Our goal is to prove the existence of the reciprocity map in the global case using Neukirch's abstract theory. We now define all necessary ingredients to obtain the main theorem of ℓ-adic class field theory: Theorem 2.
The Herbrand quotient
Lemma 3.2.1. Let L/K be a finite extension of number fields, then the injection of J K in J L induces an injection between their ℓ-adic idele class groups:
Proof. The injection of J K in J L maps R K to R L thus the map is well-defined and yields a homomorphism between C K and C L . To show that this homomorphism is injective it suffices to prove that J K ∩ R L = R K . Let M/K be the Galois closure of L/K, with Galois group G. We have
endows C L with a G-module structure. As we have the exact sequence:
we obtain: Let L/K be a Galois cyclic ℓ-extension of finite degree ℓ n , G its Galois group then we have
Proof. The proof runs in four steps.
Step 1:
We show in this part that for S a big enough set of primes we have:
where S runs through finite sets of primes of K.
We consider the topological direct sum: J K = D K ⊕ U K and the map:
This homomorphism is surjective and its kernel is J S∞ K , where S ∞ = {p | ∞}. So we get the isomorphism:
where Cℓ K is the class group of divisors, [Ja1, p. 364]. In particular D K /P K is finite.
Let a 1 , a 2 , . . . , a h be representatives for classes in D K /P K ; let p 1 , . . . , p l be the primes which divide a 1 , a 2 , . . . , a h and let S :
Step 2: the cohomology of J L and J
S L
We first define for L/K a finite Galois extension (whose Galois group is G):
for each prime p of K. As an element of G permutes the primes over p, J p L and U p L are G-modules and we have:
Let P be a fixed prime of L over p, G P = Gal(L P /K p ) ⊆ G the decomposition subgroup and σ run through the cosets G/G P then: σ(P) runs through the different primes of L over p, and
We write for S a set of primes of K :
where S is the set of primes of L over S. Then we have the decomposition of G-modules:
Proposition 3.2.1. Let S be the set of primes containing the infinite and the ramified primes, let P be a prime of L over p and G P the decomposition sub-group; then for i = 0, 1 we have:
That is why we obtain the isomorphism for i = 0, 1:
Moreover by the previous proposition
Proposition 3.2.2. Let L P /K p be an unramified ℓ-extension then we have:
where the map R L P −→ Z ℓ is the restriction of the valuation v P . As L P /K p is an unramified extension: e L P /Kp = 1; this restriction is surjective so:
But due to the proof p. 9, we have
Consequently we obtain H
Step 3:
The ℓ-group of S-units is E
Let S be a set of primes containing the infinite and the ramified primes, we show:
where n p denotes the index of the decomposition sub-group. We are done as that the Herbrand quotient, linked to a Galois module in a cyclic extension, only depends to the character of the representation which is associated: it gives the structure of G-module up to a finite; and we use the property which says that if you consider a sub-module of finite index then its Herbrand quotient is trivial. This character is given by the Herbrand's representation character.
Step 4: conclusion Let S be the set of primes described before, then we have:
As L/K is a cyclic ℓ-extension we get:
for i = 0, 1. From the local class field axiom we get:
The class field axiom
This subsection is devoted to prove:
Theorem 3.3.1. The class field axiom Let L/K be a cyclic ℓ-extension of algebraic number fields then we have: 
. By the local class field axiom (theorem 2.5.1), we deduce H 1 ℓ (G, J L ) = 1. Thus it suffices to prove that the map from H
is injective: this follows from the ℓ-adic Hasse norm theorem (theorem 3.3.2).
(iii)If n > 1 then ℓ < ℓ n , let M/K be a sub-extension of L/K of prime degree ℓ.
We have
Indeed, if g is a normal subgroup of G, and A a G-module, then the following sequence is exact:
.
By assumption H
Theorem 3.3.2. (The ℓ-adic Hasse Norm Theorem) If L/K is a cyclic extension of prime degree ℓ, an element of the ℓ-group of principal ideles is a norm from L/K if and only if it is a norm everywhere locally, i.e a norm from each completion L P /K p where P | p.
which surjectes to R L P we deduce that x is a norm everywhere locally.
Conversely assume x ∈ R K and write down x =x.y ℓ , wherex denotes the image of
ℓ is a norm. Moreover, by hypothesis x is a norm everywhere locally which means that each componentx p , for all p, is a norm. Using the usual Hasse norm theorem we conclude that x is a norm.
G and the G-module
Let G be the Galois group of the maximal abelian pro-ℓ-extension of Q. The G-module is the union of the ℓ-adic iddele class groups C K where K runs through the finite extensions of K:
We fix an isomorphism such that : Gal(Q/Q) ≃ Z ℓ . This allows to define :
Let K/Q a finite extension, we define:
and we obtain, by analogy with the local case, a surjective homomorphism
The valuation
Definition 5. Let L/K be a finite and abelian ℓ-extension, we then define the map:
where L p denotes the completion of K p with respect to an arbitrary place P | p and (α p , L p /K p ) is the local symbol.
Proposition 3.6.1. Let L/K and L ′ /K ′ be finite and abelian ℓ-extensions of number fields such that K ⊆ K ′ and L ⊆ L ′ , then the following diagram is commutative:
Proof. Take α = (α P ) ∈ J K ′ . We get for P | p:
Proposition 3.6.2. For all roots of units ζ and for all a ∈ R K we have Let q be a prime and ζ be a q m -root of unity, with q m = 2. We take a ∈ R Qp and write a = u p ·p where the symbol on the top is the usual local symbol, and the symbol on the bottom is the ℓ-adic local symbol. Consequently, one deduces
Corollary 3. v K is well defined and both surjective and henselian with respect to deg.
Corollary 4. (deg, v) is a class field pair, and A K := C K satisfies the class field axiom. Thus for all Galois ℓ-extension of a number field K we get an isomorphism:
In particular, we get a one to one correspondence between finite and abelian ℓ-extensions of a number field K and open subgroups of C K .
